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Abstract. Application of quantum theory in informatics and the creation of quantum information
devices have revolutionary changed our idea about the information systems. It seems to us that
the only question is that quantum computers will be introduced in the next decade or in some
years later. Anyhow, we should prepare to teach a radically new paradigm, the quantum
algorithms, in informatics. Quantum algorithm can be demonstrated with quantum simulators.
The present paper shows an educational material, which facilitates the teaching of this new field.
Besides summarising the basic concepts and methods of quantum informatics, the working of a
quantum algorithm on a quantum simulator will be also illustrated with the discussion of an
exciting quantum physical phenomenon (the teleportation).

1. Introduction
Ever since Einstein, Podolsky and Rosen (EPR) have created their famous and paradoxical “gedanken”
experiment to prove that quantum theory cannot give a complete description of the physical reality,
many physicists have tried to understand the “spooky action at a distant” of entangled particles [1]. (As
Einstein called the weird behaviour of the entangled particles [2]) Entangled state means that e.g. the
quantum state of a pair of photons cannot be described independently from each other, and this
entanglement of their state subsists when they are separated by a beam splitter and sent on different
paths where they move away very far from each other. The separated photons, when someone observes
them, behave as if they are still connected. Einstein did not believe that such type of nonlocality is
possible.
The existence of nonlocality can be judged only through its confrontation with the results of
measurements. Nevertheless, from the publication of the EPR paper, it took a long time to realize an
"experimentum crucis". Decisive steps have made by Bohm [3] and Bell [4] toward the solution. Bohm
has formulated the EPR paradox in a simpler way and Bell has derived some inequalities that could
checked experimentally. The experiment that has clearly proved the nonlocal nature of the entangled
particles was made by Aspect [5]. The Aspect experiment has opened new perspectives for the
application of quantum physics particularly in informatics and it has also aroused the imagination of the
sci-fi writers. It is worth mentioning that teleportation currently is already not only a theoretical
possibility but also a feasible experiment. First, in 1993 Bennet at al. [6] teleported successfully a qubit
and in 2012 quantum teleportation was realized between two remote atomic-ensemble quantum memory
nodes, each composed of ∼108 rubidium atoms and connected by a 150-m optical fibre. [7].
This paper, besides a short discussion of quantum teleportation, presents a possibility of teaching the
introductory steps towards the understanding of the basic principles of quantum computers by the use
of a simulation program, which can improve the motivation of university students to learn modern
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physics. The teaching material presented here is part of an optional course: “The Sense of Modern
Physics” offered for engineering BSc students at the Neumann János University of Kecskemét. The
course is focused to four important fields of modern physics, namely theory of relativity, quantum
theory, statistical physics and chaos. The teaching material treating quantum computers contains, in
addition to the computer program with detailed instructions, a brief description of teleportation and
quantum computers. To study it is compulsory only for those who choose quantum mechanics as exam
topic. Since only a few students attends to the course per semester, until now we could not collect
sufficient data to reliably evaluate the efficacy of our program, still it seems to be univocal that the
number of the students choosing quantum theory have been increasing, since the quantum computer
simulations were available to them. Regarding this and the positive feedback given by some students,
we suggest this teaching material as a kind of good practice for the teaching community.
2. Teleportation
The idea of teleportation has excited the imagination of sci-fi novelists for a long time. The astronauts
in the adventure series of the Star Trek transpose themselves via radiation to planets and back from there
to their spacecraft with special equipment. This action is commonly called as teleportation.

Figure 1. Teleportation in series Star Trek
Teleportation means that matter is transferring from one place to another without crossing the physical
space between the two places. More exactly an extended material body is carried through space in a
bodiless form. It is very important to emphasize that such type of teleportation is totally impossible.
However, in quantum physics, it has been explored a possibility of a kind of teleportation which is not
exactly the same as its commonly known form, but in some way like to it. The quantum teleportation is
the destruction of a state of a microphysical system and its later reproduction at a different place by the
use of entangled states and classical communication. It should be made clear that in this case material
bodies do not cease anywhere and reversely they do not appear somewhere from the nothing. In fact,
the state of an existing particle is transposed to another existing particle. Since the two particles can be
very far from each other the process was called (quantum) teleportation [8]. In this sense, teleportation
means the transfer of a quantum state through a classical channel. The name, due to its common
meaning, is equivocal, so it has caused many misunderstandings.
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3. Summary of quantum-physical background
We are aware that in spite of that quantum computing is a relatively new field of quantum physics its
literature is very large so in a brief description, only the most necessary essential knowledge can be
summarized. The subject is based on two key concepts, one of them is the entangled state, a concise
summary that still encompasses its essential features; An entangled system is defined as one whose
quantum state cannot be considered as a product of the states of its local constituents; that is, they are
not single particles but an inseparable whole. In entanglement, a part of a system cannot be fully
described without considering the others. The state of a composite system can always be expressed as
the sum or superposition of products of states of local components and it is called entangled if this sum
necessarily has more than one term [9].
The other key concept of the quantum mechanics we have used is the quantum bit or qubit. A single
qubit is the simplest quantum mechanical system, which is suitable to introduce the core concepts of
quantum mechanics to high school students [10]. This possibility is even more valuable because the
math required for description is much simpler than that is applied usually in the textbooks of quantum
mechanics. To count with qubits only the knowledge of two-dimensional vectors and matrices, matrix
multiplication, and scalar products are needed. Moreover, qubits can be visualized by an attractive way
by Bloch spheres and it can be also represented by simple physical systems such as polarised photons,
spins, and atoms with two energy levels. [11,12]. However, the qubit is a generalization of the classical
bit. The state of a physical system that is represented by a quantum bit can be the arbitrary superposition
of the 0 - and 1 orthogonal and normalized basis states: q  a 0  b 1 (where a and b are
2

2

complex numbers satisfying the requirement a  b  1 ). Conventionally the basis states are
represented by ket vectors,
1
0
0   , 1  ,
0
1

while their transposes by bras:
0  0  1,0  , and 1  1   0,1 .
Transformations are operations, which convert a quantum state to another one. Transformations can be
expressed by multiplication of operators and qubits. The operators can be constructed out of one or more
qubits. The most important one qubit operators which will be used are:
T

T

1 0 
0  0
identity operator,
I  0 0  1 1 

1

1
0 1 

0 1 
0  1
NOT (Pauli-X) operator,
X X  0 1  1 0  

 
1 0 
1  0
1 0  
0  0
Pauli-Z operator,
Z  Z  0 0  1 1  

 
 0 1 
1  1

M    cos   0  sin   1
 cos 

 sin 



0    sin   0  cos   1

 sin    0  cos   0  sin   1

cos    1   sin   0  cos   1
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1

0 
0 1

1 1 1  
2
Hadamard operator.
0   0  1  1 


1
2 1 1 
1 
0 1

2



According to our everyday experiences if parts of a system are so far from each other, that there is no
interaction between them, then the state of the whole system can be described as the sum of the states
of the individual parts. (This is the classical sense.) Systems consisting of more quantum bits are called
quantum registers.
Simultaneous use of the language of quantum mechanics and computer logic is not simple. If our course
is addressed to physics students, they will probably know the Pauli matrices and their role in quantum
mechanics, but if it is addressed to computer scientists than they treat better the logical operations [10].
In teaching instructions, we have strived to feedback the new concepts to the students’ better-known
area. In our cases, the more familiar field of our students was the linear algebra so in lecture notes both
bras and kets and the usual row and column vectors were applied.
In classical physics, the state space of a system is a direct sum of the state space of its subsystems. The
dimension of a system is the sum of the dimension of its subsystems

dim  R1  R2   dim  R1   dim  R2 
(e.g. the dimension of the state space of a noble gas of N atoms is 6N since that of a gas atom is 6.) In
contrast, the state space of a quantum system is the direct product of those of its subsystems.

dim  R1  R2   dim  R1   dim  R2  .
Contrary to the classical systems the dimension of which is increasing linearly with the number of the
elements, the dimension of quantum systems depends exponentially on the number of the subsystems.
While the basis of a one-bit quantum system is  0 , 1  , the basis of the two-bit quantum register is

 00 , 01 , 10 , 11 


1
0

 
 
 00  0  0   0  , 01  0  1   1  ,

0
0

 
 

0
0
, where: 
0
0



 

0
0

 10  1  0 
, 00  1  1    .
1
0

 
 

0
1


which consists of four-vectors. The most important two-qubit transformations are the so-called Ccontrolled one-qubit transformations e.g. the C-NOT transformation, which can entangle and
disentangle EPR states:
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C  NOT  0 0  I  1 1  X  00 00  01 01  10 11  11 10 
1

0

0

0

0
1
0
0

0
0
0
1

0   00
 
0   01

1   10

0   11


 00
 01
 11
 10

Multiple bit quantum systems exhibit very strange properties. One of them is that the state of the whole
system cannot be build up out of the states of its parts. Such types of quantum states are called entangled
(EPR) states. As an example, consider the state

a

1

1
 00  11  . It is an entangled one, since equation
2

0  b1 1    a2 0  b2 1   a1a2 00  a1b2 01  b1a2 10  b1b2 11 

1
 00  11
2



cannot be solved for a1 , a2 , b1 , b2  .
Applying the Hadamard H operation to every qubit of an n-qubit quantum register one by one a
superposed state of the quantum register is created which contains each number between 0 and 2n-1 (a
classical register contains only one number of this range). It means that the operations executed on a
quantum register happen at the same time with all the figure of the register. Recognizing this, we surely
begin to feel the enormous efficiency of “quantum parallelism”, and its calculation potential.

 H  H  ...  H  00...0  H 0  H 0  ...H 0 


2n 1

1
2n



1
2n

 0

 1    0  1   ...   0  1

 

x.

x 0

Here two types of operators were used. One of them provides the time development of the system, and
reversibly changes the state of that. The second type represents the measurements that can be made on
the system. A measurement on an arbitrary qubit of a superposed state q  a 0  b 1 pushes the qubit
irreversibly and randomly into one of its eigenstate. (The probability that the qubit jumps into the zero
2

2

state 0 is a while that it jumps into the state 1 is b . Therefore despite a qubit can be in infinite
number of superposed states, due to the destructive property of the measurement (due to a measurement
the state “collapses” into an eigenstate) only one bit information can be obtained from it. Theoretical
physicists have continued passionate debates on the physical sense – moreover the definition – of the
measurement, but fortunately, the mathematical description of it is relatively simple, and calculations
independently from the interpretations lead to clear results. For a better understanding of the measuring
mechanism, consider a two-qubit register of the superposed state a 00  b 01  c 10  d 11 (a, b, c,
2

2

2

2

and d are complex numbers), a  b  c  d  1 . Execute a one bit (partial) measurement on the
first bit of it in the basis  0 , 1  . In order to get the result some conversion should be made on the
register:
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a 00  b 01  c 10  d 11  0   a 0  b 1   1   c 0  d 1  
b 
d 
a
c
 u 0  0  1   v 1  0  1 ,
u 
v 
u
v
where u 

2

a b

2

and v 

a
b
c  d , therefore the norms of state vectors  0  1  and
u 
u
2

2

d 
c
 0  1  are 1. The formula produces the state as a linear combination of the direct multiplication
v 
v

of the qubit and the unit vectors. The probability distribution of the results of the measurement can be
simply read from it. In case of the first qubit the result will be 0 and 1 with probability u

2

and v

2

, respectively. If the result for the first qubit is 0 than the second qubit will be in the superposed state
b 
c
d
a
 0  1  If the state of the first bit is 1 the superposed state of the second qubit is 0  1 .
v
v
u
u



In quantum informatics [13-16] it is suitable to regard the multi-qubit measurements as a series of one
bits ones. Each of the yes-no type measurements can be considered a one-qubit measurement. (Such
type of measurement for example the decision of the question, whether a particle is on the left or the
right side of a plane. Similarly, a yes-no type measurement is whether the values of a quantum register
fall within a given interval.) The yes-no type measurements can be described by the separation of the
space into two orthogonal subspaces. The result of measurements can be easily determined if the qubit
investigated is expressed as the linear combination of the normal vectors of the orthogonal subspaces.
As a result of the measurement, the qubit jumps into its projection to one or the other subspace. The
probability of the jump is the square of the proper coefficient in the linear combination.
A measurement can be constructed to decide that two qubits are identical or not, without obtaining any
information about their values! This means for us that if we want to make computer simulations on the
time development of a quantum system than the realisation of one-qubit measurements are enough since
every other calculation can be led back to it.
4. Quantum teleportation on a simulator
To produce quantum teleportation besides an entangled qubit pair a classical communication channel is
necessary. Be Q the superposed quantum state (qubit) which should be forwarded, and the sender and
receiver be the classical couple, Alice and Bob, respectively. Alice and Bob share an entangled qubit
pair (in the following: EPR pair). Alice's qubit is A, and Bob's one is B. Alice makes a two-bit
measurement on Q and A qubits and sends the result through a classical two-bit channel to Bob
(figure 2).
This procedure can be followed by computer simulation. In a similar treatment of the teleportation,
authors interpret the linking of circuits with an experiment as a re-read of the latter in terms of logic
gates [17]. The series of transformations can be resolved into consecutive operations where an operation
is executed at a time on a qubit or on a group of qubits. An effective and popular representation of
quantum algorithms is the so-called quantum network in analogy with the networks, which represent the
classical algorithms.
In quantum networks, the gates correspond to the operators of the algorithm, and wires correspond to
the qubits. The succession of the connections determines the time sequence of the operations. (Of course,
the real quantum parallelism cannot be realized on a classical computer. So this simulation is virtual one
like to the so called multitask type calculations.)
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Figure 2. The scheme of quantum teleportation
On the internet, many simulator programs of quantum computers and quantum circuits can be found. A
nice review of them is on web page [18], where the programs are listed according to categories. The vast
majority of the programs can be used freely, a parts of them downloadable, but there are online usable
ones. The complexity, graphics, computing capacity and speed of these programs vary widely. In present
article, we have chosen one of the most user friendly, didactic, and simply treatable program, the freely
downloadable JaQuzzi. It can be installed in some minutes with the installation guide presented by us
[19, 20]. The teleportation quantum circuit discussed in our paper can be feasible by other programs
mentioned in the list. We have provided the quantum teleportation online by the quirk program [21]
also.
In the JaQuzzi simulator horizontal wires represents the qubits, the connections between them
correspond to the quantum gates. To follow the time sequence of the operations one should go from left
to right in the network. (JaQuzzi runs only under an earlier version of Java. Our program can be found
in [20] where its use and installation is described in details.
A teleportation algorithm realized on JaQuzzi is shown in screenshot of it. (Fig. 3.) The upper, middle
and lower wires represent the qubits Q, A, and B, respectively. The consecutive gates correspond to the
state changes of the qubits. In the first step, Q is transformed into an arbitrarily chosen superposed state
with the M mixing gate:

Q   cos   0  sin   1  .
In the second step, an entangled qubit pair is created by the use of an Hadamard and a C-NOT gate.
Then the state of the whole quantum system is the direct product of the Q superposed state and the state
of the entangled EPR pair:

QAB   cos   0  sin   1  


1
 00  11  
2

1
 cos   000  cos   011  sin   100  sin   111 .
2
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Figure 3. The realization of teleportation in JaQuzzi
After it, Alice (the sender) executes a C-NOT transformation on her EPR bit (A) (where Q is the
controlling bit). Then the state of the system will be:
QAB 


1
 cos   000  cos   011  sin   110  sin   101  
2

1
 cos   0  00  cos   0  11  sin   1  10  sin   1  01  .
2

Finally, Alice carries out an Hadamard transformation on Q, therefore we should put a Hadamard gate
into the upper wire. So the quantum state of the system:
cos  
sin  
000  011  100  111  

 010  001  110  101  
2
2
1
1
 00   cos   0  sin   1   01   cos   1  sin   0  
2
2
1
1
 10   cos   0  sin   1   11   cos   1  sin   0  .
2
2
QAB 

The last equation shows well, that in the final state Bob’s EPR bit (B) carries the full information of the
original Q bit, which should be transferred. So, if the first two bits were measured then the third will be
in a state from which one can restore state Q if he/she knows the result of the measurement. Therefore
Alice sends to Bob the result of a one-bit measurement carried out on Q and her EPR bit A
(measurements are denoted in JaQuzzi by red-yellow thunderbolt icon) in a classical channel.
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On the basis of the last equation, we can easily find out how Bob could reproduce the original qubit Q
from the results he got from Alice. He should apply a proper transformation to his EPR qubit B.
If the pair is 00, then he should apply the I-transformation (first term), if it is 01, he should apply the Xtransformation (second term), if it is 10 he should apply the Z-transformation (third term), and finally if
it is 11 then he should apply consecutively X- and the Z–transformation (fourth term). Bob can realize
these operations by putting proper gates into the network.
5. Summary
The investigation of the entangled states opened new perspectives in both quantum theory and computer
physics. Quantum computers provide very promising possibilities for the development of new very
quick computers. It is important to make these possibilities familiar with students. The paper presented
a motivating tool for the demonstration of a quantum algorithm, which can be taught for students who
want to be familiar with this new field of quantum physics. We suggest this material as a kind of good
practice, which have been continuously applied for the introduction of students of engineering colleges
into modern physics. The feedback of students have borne out that this approach motivated them toward
modern physics.
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